Galois-theoretic features for 1-smooth pro-$p$ groups by Quadrelli, Claudio
ar
X
iv
:2
00
4.
12
60
5v
2 
 [m
ath
.G
R]
  3
0 A
pr
 20
20
SOLVABLE 1-SMOOTH PRO-p GROUPS
CLAUDIO QUADRELLI
Abstract. Let p be a prime. A pro-p group G is said to be 1-smooth if it
can be endowed with a continuous representation θ : G → GL1(Zp) such that
every open subgroup H of G, together with the restriction θ|H , satisfies a for-
mal version of Hilbert 90. We prove that every solvable 1-smooth pro-p group
is locally uniformly powerful. This generalizes a result by T. Wu¨rfel on abso-
lutely torsion-free pro-p groups, and proves De Clerq-Florence’s “Smoothness
Conjecture” for the class of solvable pro-p groups. Finally we ask whether
1-smooth pro-p groups satisfy a “Tits’ alternative”.
1. Introduction
Throughout the paper p will denote a prime number, and K a field containing
a root of unity of order p. Let K(p) denote the compositum of all finite Galois
p-extensions of K. The maximal pro-p Galois group of K, denoted by GK(p), is
the Galois group Gal(K(p)/K), and it coincides with the maximal pro-p quotient
of the absolute Galois group of K. Describing maximal pro-p Galois groups of
fields among pro-p groups is one of the most important — and challenging —
problems in Galois theory. One of the obstructions for the realization of a pro-p
group as maximal pro-p Galois group for some field K is given by the Artin-
Scherier theorem: the only finite group realizable as GK(p) is the cyclic group
of order 2 (cf. [1]).
The proof of the celebrated Bloch-Kato conjecture, by M. Rost and V. Vo-
evodsky (cf. [18,20]) provided new tools to study absolute Galois groups of field
and their maximal pro-p quotients (see, e.g., [3, 14,16]). In particular, the now-
called Rost-Voevodsky theorem implies thath the Z/p-cohomology algebra of a
maximal pro-p Galois group GK(p)
H•(GK(p),Z/p) :=
⊕
n≥0
Hn(GK(p),Z/p),
with Z/p a trivial GK(p)-module and endowed with the cup-product, is a qua-
dratic algebra: i.e., all its elements of positive degree are combinations of prod-
ucts of elements of degree 1, and its defining relations are homogeneous relations
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of degree 2 (see § 2.3 below). For instance, from this property one may recover
the Artin-Schreier obstruction.
More recently, a formal version of Hilbert 90 for pro-p groups was employed
to find further results on the structure of maximal pro-p Galois groups (see [8,
12,15,16]). A pro-p group G endowed with a continuous representation θ : G→
GL1(Zp) is called a Kummerian pro-p pair if the canonical map
H1(G,Zp(1)/p
n) −→ H1(G,Zp(1)/p),
where Zp(1) denotes the continuous G-module of rank 1 induced by θ, is surjec-
tive for every n ≥ 1. Moreover G is called 1-smooth if this property holds also for
every closed subgroup H, endowed with the restriction θ|H (see Definition 2.1).
By Kummer theory, a maximal pro-p Galois group GK(p), together with the cy-
clotomic character, is 1-smooth (see Theorem 2.6). Some properties of maximal
pro-p Galois groups of fields — such as the Artin-Scherier obstruction — hold
also for 1-smooth pro-p groups (see Example 2.7 below).
In [5] — driven by the pursuit of an “explicit” proof of the Bloch-Kato conjec-
ture as an alternative to the proof by Voevodsky — C. De Clerq and M. Florence
introduced the 1-smoothness property, and formulated the “Smoothness Conjec-
ture”: namely, that it is possible to deduce the surjective part of the Block-Kato
conjecture (which is acknowledged to be the “hard part” of the conjecture) from
the fact that GK(p) is 1-smooth (see [5, Conj. 14.25] and Question 2.9, see also
[11, § 3.1.6]).
In [19], R. Ware proved the following result on maximal pro-p Galois groups
of fields: if GK(p) is solvable, then it is locally uniformly powerful, i.e., every
finitely generated closed subgroup is uniformly powerful (see also [9] and [14]).
We prove that the same property holds also for 1-smooth pro-p groups.
Theorem 1.1. Let G be a 1-smooth pro-p group which is solvable. Then G is
locally uniformly powerful.
This settles the Smoothness Conjecture positively for the class of solvable
pro-p groups.
Corollary 1.2. If a 1-smooth pro-p group G is solvable, then G is a Bloch-Kato
pro-p group, i.e., the Fp-cohomology algebra of every closed subgroup of G is
quadratic.
A solvable pro-p group does not contain a free non-abelian closed subgroup.
For Bloch-Kato pro-p groups — and thus in particular for maximal pro-p Galois
groups of fields containing a root of 1 of order p — Ware proved the following
Tits’ alternative: either such a pro-p group contains a free non-abelian closed
subgroup; or it is locally uniformly powerful (see [19, Cor. 1] and [14, Thm. B]).
We conjecture that the same phenomenon occurs for 1-smooth pro-p groups.
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Conjecture 1.3. Let G be a 1-smooth pro-p groups which is not locally uniformly
powerful. Does G contain a free non-abelian closed subgroup?
Acknowledgment. The autor wishes to thank I. Efrat, J. Mina´cˇ, N.D. Taˆn and
Th. Weigel for working together on maximal pro-p Galois groups and their cohomology;
and P. Guillot and I. Snopce for the discussions on 1-smooth pro-p groups.
2. Cyclotomic pro-p pairs
Henceforth, every subgroup of a pro-p group will be tacitly assumed to be
closed, and the generatos of a subgroup will be intended in the topological sense.
In particular, for a pro-p group G and a positive integer n, Gn will denote
the closed subgroup of G generated by the nth powers of all elements of G.
Moreover, for two elements g, h ∈ G, we set
hg = g−1hg, and [h, g] = h−1 · hg,
and for two subgroups H1,H2 of G, [H1,H2] will denote the closed subgroup of
G generated by all commutators [h, g] with h ∈ H1 and g ∈ H2. In particular, G′
will denote the commutator subgroup [G,G] of G. Finally, the Frattini subgroup
of G is Φ(G) = Gp ·G′.
2.1. Kummerian pro-p pairs. Let 1 + pZp = {1 + pλ | λ ∈ Zp} denote the
pro-p Sylow subgroup of the group of units of the ring of p-adic integers Zp. A
pair G = (G, θ) consisting of a pro-p group and a continuous homomorphism
θ : G −→ 1 + Zp
is called a cyclotomic pro-p pair, and the morphism θ is called an orientation of
G (cf. [7, § 3] and [16]).
A cyclotomic pro-p pair G = (G, θ) is said to be torsion-free if Im(θ) is a
torsion-free abelian pro-p group, namely, if p is odd, or if p = 2 and Im(θ) ⊆
1 + 4Z2. Given a cyclotomic pro-p pair G = (G, θ) one has the following con-
structions:
(a) if H is a subgroup of G, ResH(G) = (H, θ|H);
(b) if N is a normal subgroup of G contained in Ker(θ), then θ induces an
orientation θ¯ : G/N → 1 + pZp, and we set G/N = (G/N, θ¯);
(c) if A is an abelian pro-p group, we set A⋊ G = (A⋊G, θ ◦ pi), with ag =
aθ(g)
−1
for all a ∈ A, g ∈ G, and pi the canonical projection A⋊G→ G.
Moreover, one has a distinguished subgroup
K(G) =
〈
h−θ(g) · hg−1
∣∣∣ g ∈ G,h ∈ Ker(θ)
〉
(cf. [8, § 3]). In particular, K(G) is a normal subgroup of G, and one has
Ker(θ) ⊇ K(G) ⊇ Ker(θ)′, and K(G) ⊆ Φ(G).
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Thus, the quotient Ker(θ)/K(G) is abelian, and if G is torsion-free one has an
isomorphism of pro-p pairs
(2.1) G/K(G) ≃ (Ker(θ)/K(G)) ⋊ (G/Ker(θ))
(cf. [15, Prop. 3.1]).
Definition 2.1. Given a cyclotomic pro-p pair G = (G, θ), let Zp(1) denote
the continuous G-module of rank 1 induced by θ, i.e., Zp(1) ≃ Zp as abelian
pro-p groups, and g.λ = θ(g) · λ for every λ ∈ Zp(1). The pair G is said to be
Kummerian if for every n ≥ 1 the map
(2.2) H1(G,Zp(1)/p
n) −→ H1(G,Zp(1)/p),
induced by the epimorphism of G-modules Zp(1)/p
n → Zp(1)/p, is surjective.
Moreover, G is 1-smooth if ResH(G) is Kummerian for every closed subgroup
H ⊆ G.
Kummerian pro-p pairs and 1-smooth pro-p pairs were introduced in [8] and
in [5, § 14] respectively. In [16], if G = (G, θ) is a 1-smooth pro-p pair, the
orientation θ is said to be 1-cyclotomic. Note that in [5, § 14.1], a pro-p pair is
defined to be 1-smooth if the maps (2.2) are surjective for every open subgroup
of G, yet by a limit argument this implies also that the maps (2.2) are surjective
also for every closed subgroup of G (cf. [16, Cor. 3.2]). One has the following
characterization of Kummerian torsion-free pro-p pairs (cf. [8, Thm. 5.6 and
Thm. 7.1]).
Proposition 2.2. A torsion-free cyclotomic pro-p pair G = (G, θ) is Kummerian
if and only if Ker(θ)/K(G) is torsion-free.
Remark 2.3. Let G = (G, θ) be a cyclotomic pro-p pair with θ ≡ 1, i.e., θ is
constantly equal to 1. Since K(G) = G′ in this case, G is Kummerian if and only
if the quotient G/G′ is torsion-free. Hence, by Proposition 2.2, G is 1-smooth
if and only if H/H ′ is torsion-free for every subgroup H ⊆ G. Pro-p groups
with such property are called absolutely torsion-free, and they were defined by
T. Wu¨rfel in [21].
Examples 2.4. (a) A cyclotomic pro-p pair (G, θ) with G a free pro-p group
is 1-smooth for any orientation θ : g → 1 + pZp (cf. [16, § 2.2]).
(b) A cyclotomic pro-p pair (G, θ) with G an infinite Demushkin pro-p group
is 1-smooth if and only if θ : G → 1 + pZp is defined as in [10, Thm. 4]
(cf. [8, Thm. 7.6]).
(c) For p 6= 2 let G be the pro-p group with minimal presentation
G = 〈x, y, z | [x, y] = zp〉.
Then the pro-p pair (G, θ) is 1-smooth for no orientation θ : G→ 1+pZp
(cf. [8, Thm. 8.1]).
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(d) Let
H = 〈x, y | [[x, y], x] = [[x, y], y] = 1〉
be the Heisenberg pro-p group. Then the pair (H,1) is Kummerian, as
H/H ′ ≃ Z2p, but H is not absolutely torsion-free. In particular, H can
not be completed into a 1-smooth pro-p pair (cf. [15, Ex. 5.6]).
(e) The only 1-smooth pro-p pair (G, θ) with G a finite p-group is the cyclic
group of order 2 G ≃ Z/2, endowed with the only non-trivial orientation
θ : G։ {±1} ⊆ 1 + 2Z2 (cf. [8, Ex. 3.5]).
Remark 2.5. By Example 2.4–(e), if G = (G, θ) is a torsion-free 1-smooth pro-p
pair, then G is torsion-free.
A torsion-free pro-p pair G = (G, θ) is said to be θ-abelian if the following
equivalent conditions hold:
(i) Ker(θ) is a free abelian pro-p group, and G ≃ Ker(θ)⋊ (G/Ker(θ));
(ii) G is Kummerian and K(G) = {1}
(cf. [14, Prop. 3.4] and [15, Prop. 3.2]). In particular, a θ-abelian pro-p pair is
also 1-smooth, as ResH(G) is θ|H -abelian for every subgroup H ⊆ G.
2.2. The Galois case. Let K be a field containing a root of 1 of order p, and let
µp∞ denote the group of roots of 1 of order a p-power contained in the separable
closure of K. Then µp∞ ⊆ K(p), and the action of the maximal pro-p Galois
group GK(p) = Gal(K(p)/K) on µp∞ induces a continuous homomorphism
θK : GK(p) −→ 1 + pZp
— called the cyclotomic character of GK(p) —, as the group of the automor-
phisms of µp∞ which fix the roots of order p is isomorphic to 1 + pZp (see, e.g.,
[8, § 4]). In particular, if K contains a root of 1 of order pk for k ≥ 1, then
Im(θK) ⊆ 1 + pkZp.
Set GK = (GK(p), θK). Then by Kummer theory one has the following (see,
e.g., [8, Thm. 4.2]).
Theorem 2.6. Let K be a field containing a root of 1 of order p. Then GK =
(GK(p), θK) is 1-smooth.
On the other hand, 1-smooth pro-p pairs share the following properties with
maximal pro-p Galois groups of fields.
Examples 2.7. (a) The only finite p-group which occurs as maximal pro-p
Galois group for some field K — respectively which may be completed
into a 1-smooth pro-p pair — is the cyclic group of order 2 (by Artin-
Schreier Theorem, cf. [1] — resp. by Example 2.4–(e)).
(b) If x is an element of GK(2) for some filed K — respectively of a pro-2
group 2 which may be completed into a 1-smooth pro-2 pair — and x has
order 2, then x self-centralizes (cf. [4, Prop. 2.3] — resp. cf. [16, § 6.1]).
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2.3. Bloch-Kato and the Smoothness Conjecture. A non-negatively graded
algebra A• =
⊕
n≥0An over a field F, with A0 = F, is called a quadratic algebra
if it is 1-generated — i.e., every element is a combination of products of ele-
ments of degree 1 —, and its relations are generated by homogeneous relations
of degree 2. One has the following definitions (cf. [5, Def. 14.21] and [14, § 1]).
Definition 2.8. Let G be a pro-p group, and let n ≥ 1. Cohomology classes in
the image of the natural cup-product
H1(G,Z/p)× . . . ×H1(G,Z/p) ∪−→ Hn(G,Z/p)
are called symbols (relative to Z/p, wieved as trivial G-module).
(i) If for every open subgroup U ⊆ G every element α ∈ Hn(U,Z/p), for
every n ≥ 1, can be written as
α = cornV1,U(α1) + . . .+ cor
n
Vr,U (αr),
with r ≥ 1, where αi ∈ Hn(Vi,Z/p) is a symbol and
cornVi,U : H
n(Vi,Z/p) −→ Hn(U,Z/p)
is the corestriction map (cf. [13, § I.5]), for some open subgroups Vi ⊆ U ,
then G is called a weakly Bloch-Kato pro-p group.
(ii) If for every closed subgroup H ⊆ G every element of Hn(H,Z/p), for
every n ≥ 1, is a symbol, and moreover the Z/p-cohomology algebra
H•(H,Z/p) =
⊕
n≥0
Hn(H,Z/p),
endowed with the cup-product, is a quadratic algebra over Z/p, then G
is called a Bloch-Kato pro-p group.
By the Rost-Voevodsky Theorem, if K contains a root of unity of order p (and
also
√−1 if p = 2), then the maximal pro-p Galois group GK(p) is Bloch-Kato.
The pro-p version of the “Smoothness Conjecture”, formulated by De Clerq and
Florence, states that being 1-smooth is a sufficient condition for a pro-p group
to be weakly Bloch-Kato (cf. [5, Conj. 14.25]).
Conjecture 2.9. Let G = (G, θ) be a 1-smooth pro-p pair. Then G is weakly
Bloch-Kato.
In the case of G = GK for some field K containing a root of 1 of order p, one
may show using Milnor K-theory that the weak Bloch-Kato condition implies
that H•(G,Z/p) is 1-generated (cf. [5, Rem. 14.26]). In view of Theorem 2.6, a
positive answer to the Smoothness Conjecture would provide a new proof of the
“1-generation” half of the Bloch-Kato conjecture (cf. [5, § 1.1]).
Conjecture 2.9 has been settled positively for the following classes of pro-p
groups:
(a) finite p-groups (cf. Examples 2.4–(e) and 2.7–(a));
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(b) analytic pro-p groups (cf. [15, Thm. 1.1]);
(c) pro-p completions of right-angled Artin groups (cf. [17]).
3. Solvable pro-p groups
3.1. Powerful pro-p groups.
Definition 3.1. A finitely generated pro-p group G is said to be powerful if one
has G′ ⊆ Gp, and also G′ ⊆ G4 if p = 2. A powerful pro-p group which is also
torsion-free is called a uniformly powerful (or simply uniform) pro-p group. A
pro-p group G is said to be locally uniformly powerful if every finitely generated
closed subgroup of G is uniform.
For the properties of powerful and uniform pro-p groups we refer to [6, Ch. 4].
Locally uniform pro-p groups are characterised by the following (cf. [14, Thm. A]
and [3, Prop. 3.5]).
Proposition 3.2. A pro-p group G is locally uniform if and only if there exists
an orientation θ : G→ 1 + pZp such that (G, θ) is a torsion-free θ-abelian pro-p
pair.
A locally uniform pro-p group G is Bloch-Kato, as for every subgroup H ⊆ G
the pro-p pair ResH(G) is θ|H -abelian, and thus one has an isomorphism of
graded algebras
(3.1) H•(H,Z/p) ≃ Λ•H1(H,Z/p),
where Λ• denotes the exterior algebra, which is quadratic. In fact, locally uni-
form pro-p groups are exactly those uniform pro-p groups which are Bloch-Kato
(cf. [14, Thm. 4.6]). Locally uniform pro-p groups are also those uniform pro-p
groups which are 1-smooth (cf. [15, Prop. 5.5]).
Proposition 3.3. Let G = (G, θ) be a 1-smooth torsion-free pro-p pair. If G is
powerful, then G is θ-abelian.
3.2. Solvable pro-p groups and maximal pro-pGalois groups. Recall that
a (pro-p group) G is said to be meta-abelian if there is a short exact sequence
{1} // N // G // G¯ // {1}
such that bothN and G¯ are abelian; or, equivalently, if the commutator subgroup
G′ is abelian. Moreover, a pro-p groupG is solvable if the derived series (G(n))n≥1
of G— i.e., G(1) = G and G(n+1) = [G(n), G(n)] — is finite, namely G(N+1) = {1}
for some finite N .
Example 3.4. A non-abelian locally uniform pro-p group G is meta-abelian: if
θ : G→ 1 + pZp is the associated orientation, then G′ ⊆ Ker(θ)p, and thus G′ is
abelian.
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In Galois theory one has the following result by R. Ware (cf. [19, Thm. 3],
see also [9] and [14, Thm. 4.6]).
Theorem 3.5. Let K be a field containing a root of 1 of order p (and also√−1 if p = 2). If the maximal pro-p Galois group GK(p) is solvable, then GK is
θK-abelian.
3.3. Proof of Theorem 1.1. In order to prove Theorem 1.1, we prove first the
following intermediate risult, which may be seen as the “1-smooth analogue” of
[19, Thm. 2].
Theorem 3.6. Let G = (G, θ) be a torsion-free 1-smooth pro-p pair. If G is
meta-abelian, then G is θ-abelian.
Proof. Assume first that θ ≡ 1 — i.e., G is absolutely torsion-free (cf. Re-
mark 2.3). Then G is a free abelian pro-p group by [21, Prop. 2].
Assume now that θ 6≡ 1. Then Ker(θ)′ is abelian, and thus Ker(θ) is a free
abelian pro-p group by [21, Prop. 2]. Pick two arbitrary elements x, y ∈ G
such that θ(x) 6= 1 and y ∈ Ker(θ), and put z = [x, y] and t = yp. Clearly,
z, t ∈ Ker(θ).
Let H be the closed subgroup of G generated by x, y, and let U be the closed
subgroup of H generated by x, t, z. Then the pair ResU (G) is 1-smooth. Since
z, y ∈ Ker(θ), one has zy = z, and hence commutator calculus yields
(3.2) [x, t] = [x, yp] = z · zy · · · zyp−1 = zp.
Put λ = 1 − θ(x)−1. Then λ is a p-adic number which is divisible by p and
different to 0, as θ(x)−1 ∈ 1 + pZp, θ(x)−1 6= 1. By definition, [x, t] · t−λ ∈
K(ResU (G)). Since [t, z] = 1, by (3.2) one has
(3.3) [x, t]t−λ = zpt−λ = zpt
−λ
p
p
=
(
zt−λ/p
)p
∈ K(ResU (G)).
Moreover, zt−λ/p ∈ Ker(θ|U ). Since the pro-p pair ResU(G) is 1-smooth, the
quotient Ker(θ|U )/K(ResU (G)) is a free abelian pro-p group, and therefore (3.3)
implies that zt−λ/p ∈ K(ResU (G)).
Recall that K(ResU (G)) ⊆ Φ(U), i.e., z ≡ tλ/p mod Φ(U). Then by [6,
Prop. 1.9] U is generated by x and t. Since [x, t] ∈ Up by (3.2), the pro-p group
U is powerful — and hence uniform, as it is torsion-free. Therefore, ResU (G) is
θ|U -abelian by Proposition 3.3. In particular, K(ResU (G)) = {1}, and thus
[x, y] = z = tλ/p = yλ = y1−θ(x)
−1
.
Since y is an arbitrary element of Ker(θ), one has G ≃ Ker(θ)⋊ G/Ker(θ), i.e.,
G is θ-abelian. 
Note that Theorem 3.6 generalizes [21, Prop. 2] from absolutely torsion-free
pro-p groups to 1-smooth pro-p groups.
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Corollary 3.7. Let G = (G, θ) be a torsion-free 1-smooth pro-p pair. If G is
solvable, then G is θ-abelian.
Proof. Let N be the positive integer such that G(N) 6= {1} and G(N+1) = {1}.
Then for every 1 ≤ n ≤ N , the pro-p pair ResGn(G) is 1-smooth, and G(n) is
solvable, and moreover θ|G(n) ≡ 1 if n ≥ 2.
Suppose that N ≥ 3. Since G(N−1) is metabelian and θ|G(N−1) ≡ 1, Theo-
rem 3.6 implies that G(N−1) is a free abelian pro-p group, and therefore G(N) =
{1}, a contradiction. Thus, N ≤ 2, and G is meta-abelian, so that the claim
follows by Theorem 3.6. 
Corollary 3.7 may be seen as the 1-smooth analogue of Ware’s Theorem 3.5.
Moreover, by (3.1) any solvable 1-smooth pro-p group is also Bloch-Kato. This
settles the Smoothness Conjecture for the class of solvable pro-p groups.
3.4. A Tits’ alternative for 1-smooth pro-p groups. For maximal pro-p
Galois groups of fields one has the following Tits’ alternative (cf. [19, Cor. 1]
and [14, Thm. B]).
Theorem 3.8. Let K be a field containing a root of 1 of order p (and also
√−1
if p = 2). Then either GK is θK-abelian, or GK(p) contains a closed non-abelian
free pro-p group.
Clearly, a solvable pro-p group does not contain a free non-abelian subgroup.
Similarly, a p-adic analytic pro-p group (cf. [6, Ch. 8] — e.g., the Heisenberg
prp-p group is analytic, cf. Example 2.4–(d)) does not contain a free non-abelian
subgroup. Even if there are several solvable analytic pro-p groups (e.g., finitely
generated locally uniform pro-p groups), none of these two classes contains the
other one: e.g.,
(a) the group Zp ≀ Zp is solvable but not analytic;
(b) and the group SL12(Zp) is analytic but not solvable.
In [15], the author proved that analytic pro-p groups which may complete
into a 1-smooth pro-p pair are locally uniform. Hence, we ask whether a Tits’
alternative, analogous to Theorem 3.8, holds also for all torsion-free 1-smooth
pro-p pairs.
Question 3.9. Let G = (G, θ) be a torsion-free 1-smooth pro-p pair, and suppose
that G is not θ-abelian. Does G contain a closed non-abelian free pro-p group?
In wiew of Theorem 3.8, a positive answer to Question 3.9 would provide
further support in favor of the Smoothness Conjecture.
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